Bosonization in = 2 from finite chiral determinants with a Gauss decomposition 
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We show how to bosonize two-dimensional non-abelian 
models using finite chiral determinants calculated from a 
Gauss decomposition. The calculation is quite straightfor- 
ward and hardly more involved than for the abelian case. In 
particular, the counterterm AA, which is normally motivated 
from gauge invariance and then added by hand, appears nat- 
urally in this approach. 

The path integral approach to bosonization of two- 
dimensional field theories was developed some time ago 
101 by exploiting the fact that gauge fields may be decou- 
pled from the fermions by making local chiral transforma- 
tions. It is crucial in this approach that the anomalous 
contributions from the fermionic measure under chiral 
rotations are properly taken into account. 

More recently an approach to bosonization with path 
integrals, refered to as smooth bosonization, was intro- 
duced |]. Here a chiral gauge symmetry is first intro- 
duced, and the bosonization rules are then obtained by 
choosing an appropriate gauge. Again the anomalous 
contribution from the path integral measure is of great 
importance. For an infinitesimal chiral transformation 
this contribution may be calculated by the method of 
Fujikawa but for the applications mentioned above it 
is necessary to obtain the anomalous Jacobian for a finite 
chiral transformation. One therefore requires the itera- 
tion of the infinitesimal anomaly to obtain the Jacobian 
for a finite chiral change of variables. 

For the abelian case this problem is rather simple, and 
the abelian chiral anomaly is easily integrated to yield 
the free scalar boson action The non-abelian case is, 
however, complicated and it is difficult to show directly 
that the non-abelian anomaly can be integrated to yield 
the WZW action. In this paper we present a simple 
and direct derivation of this result for su(2), hardly more 
involved than the abelian case. 

Although it is well known that the finite chiral trans- 
formation yields the WZW action (or the gauged WZW 
action in the presence of a background field) this re- 
sult is of such importance in the path integral bosoniza- 
tion program that we consider it worthwhile to present 
an alternative derivation. The present derivation is not 
only more directly constructive than the conventional 
one, which proceeds indirectly by showing that the varia- 
tion of the WZW model is in agreement with the anomaly 
lH , but it also serves to clarify some issues connected with 
regularization. In this context it is often stated that it is 
necessary to introduce a counter term of the type AA by 
hand as to ensure gauge invariance [p|q|. We show here 



that this term arises naturally when the covariant form 
of the anomaly is iterated. 

The Jacobian associated with the final chiral transfor- 
mation is calculated by using the Gauss decomposition 
for the group. The calculation is then relatively sim- 
ple and the iteration of the infinitesimal result is hardly 
more involved than the abelian case. Normally there is 
very little advantage in writing the WZW model using 
an explicit parameterization for the group, because the 
action is complicated and the global symmetries are ob- 
scured, but in the Gauss decomposition the WZW model 
assumes a remarkably simple form which is closely related 
to the Wakimoto free field realization ||^ of Kac-Moody 
algebras, as initially noted in Rcf. 

We start with the current-current generating func- 
tional of free Dirac fermions, 
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where A = AT", = icr", and a" are the Paufi spin 
matrices. The bar notation is used to denote the anti- 
holomorphic components. The source A for the currents 
may also be viewed as a background gauge field. 

We restrict ourselves to two fermion colours only, so 
that we can view the fermions to be in the fundamen- 
tal representation of SU(2). Actually we have a U(2) 
symmetry, but we shall focus attention on the su(2) sub- 
algebra. 

In many applications it is possible to choose the light 
cone gauge, so that only one component of the vector A 
is present, but we shall be more general for the moment. 

We find it convenient to introduce the Cartan-Weyl 
basis, 
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so that we are in fact considering the complcxification 
of su(2). In this basis we denote the components of the 
gauge fields by A^, A^. It has been noted that it 
is convenient to consider the complexified group when 
considering path integral bosonization, and the basis (|^) 
is useful in establishing a connection with the Wakimoto 
realization. 

We now calculate the anomaly resulting from the fol- 
lowing change of variables on the fermions. 



1 



^2^^i-^2, 4 ^4' = 4- (3) 

If g is infinitesimal, g{e) = e""^ ^ , and we have the fa- 



mihar anomalous contribution 



(4) 



with F = e^^yF^'" the dual field strength and 6 = O^T". 
The Jacobian originates from the non-invariance of 
the path integral measure under the chiral rotation, as is 
most naturally established using the methods of Fujikawa 
We prefer the above covariant form of the anomaly, 
as its iterated finite form will be the gauged WZW model. 

When making the finite rotation (||), we change the 
external gauge field used in regulating the measure, so 
that the anomaly associated with the finite rotation is 
given by 

J^\jd^^ j'deTT{t0d{g-^e)Ag{e) - g-\e)tdg{e)) 

-^A-[ig-\e)Ag{e)~g-\e)^^g{e),A]}. (5) 
This expression is nothing but the gauged WZW-action 

5wzw = -^[5] - ^ Jd^^ [Tr(A(a_g).9-i) 

+ TiiAg-'d+g) + AgA.g-' + AA] , (6) 

with 
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+ 12^ j/ ''^t^-P^^(9d^9''gdyg-'gdpg-'), (7) 

as we demonstrate explicitly below. 

If we would have worked in the light cone gauge A — 
0, very often the prefered gauge when two-dimensional 
gauge theories are studied, we would have obtained in- 
stead 
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This action is expression (|^) with A = 0. For trans- 
parency the discussion below is restricted to this case. 
Results for the general case follow without any compli- 
cations, as we also elaborate below. 

A direct evaluation of the epsilon integration in (j^) 
is generally not feasible. However, by first introducing 
the Gauss decomposition for SU(2) these integrations can 
easily be done. We therefore write for the group element 
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For a general element of SL(2,C) the 9°" are all complex, 
but for the identification of the Wakimoto realization we 



consider the transformation (||) with 6^ real and 9~ the 
complex conjugate of 6^ . 

The transformation (|^) is now performed in three 
steps. First we make a rotation, then a rotation, 
and finally a transformation. We therefore start by 
performing the local chiral transformation 

V-i ^e'^+«"Vi , 4>2^4>2, (10) 

4 - 4^-'^"'' , 4^ 4 ■ (11) 

The Lagrangian of eq. (^ (with A — 0) changes to 

C^Cf- 4iA'i^i (12) 



under transformation (|10|) . Here Cp is the Lagrange den- 
sity for free Dirac fermions and 

A' = -d6-T+ + A-T+ + ^"(T" + iT+9-) 

+A+{T- -2i9-T" + {e-fT+) . (13) 

For the transformation 

JT+6 



^1 



(14) 



the contribution from the measure is obtained by substi- 
tuting g{e) by e""^^^ in expression (||). After evaluating 
the trace we have the following anomalous contribution 
to the action 
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(15) 



Terms that depend on e vanish when the trace is taken, 
so that the epsilon integration yields one. 

The second step is to perform the change of variables 



4_ ^ 4_e''T° 



(16) 



(17) 



The Lagrangian density now becomes 

C^Cp- 4iA"tPi , 
where 

A" = d9^T° - {d9-T+)e-'''° 

-[{A- + t9-A° + A+(e-f)T+e-''^'' 

+A°r° - 2^61- A+T" + A+T-e''^"] . (18) 

For this transformation the contribution from the mea- 
sure may again be evaluated from (|^) by taking g(e) — 
^leB^T" ^ but A has to be replaced by the A' of eq. ([l^). 
The result after the trace has been performed is the ad- 
ditional contribution 

So^ — f d^x I de9°d{ede° + dA° - 219' A+} 
27r J Jo 

= _L /" d'^x{l0°dd0" + 0"dA" - 2i9°9-A+} . (19) 
27r J 2 
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Finally the change of variables 



V'- 



V'- 



(20) 



is performed. We repeat the above step for T^, taking 
into account that the background field A has now been 
altered by both the r+ and T° rotations, and that A" 
of expression (|l8| ) has to be used instead. This gives the 
final contribution 
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(21) 



As for the r+ transformation the integration over e is 
trivial. The Lagrangian is now 



(22) 



where g was given in (Q) 

The total anomalous contribution from the measure to 
the action follows from expressions (p^, ( p^ ) and (21) as 



n 
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As has been explicitly verified |^ , this action is nothing 
but the WZW action when g is parameterized by the 
Gauss decomposition (^): 



S = S[g] + -TiiAgdg-') 

TT 



(24) 



Use of expression (||) rather than (||) would have re- 
sulted in the full gauged WZW model (||). This may 
readily be verified. The AA terms which do not contain 
g coupling originate from the e*"^ ^ rotation. The general 
form of (|l^) with A ^ follows by substituting (|l^) into 
(^, which gives, after performing the trace, additional 
terms like 



l)A-A-^ 



(25) 



Thus the epsilon integral gives an AA term without any 
coupling. It is therefore not necessary to view this term 
as a counterterm that has to be added by hand to in- 
sure gauge invariance |^,^. Since we are using a covari- 
ant form of the infinitesimal anomaly (^, the iterated 
anomaly is expected and indeed found to be the gauge 
invariant expression (||). 

The bosonic Lagrangian (p3[), or (p4|), is equivalent to 
that of the free fermionic model (|^), as originally estab- 
lished by Witten and normally referred to as non- 
abelian bosonization. The result ( p3| ) plays an essential 



role in the path integral derivation of this equivalence 

Here we note that expression (^3|) is also closely linked 
to the Wakimoto or free field realization of Kac-Moody 
algebras. This correspondence is the field theoretical ana- 
logue of the relation between the path integral for spin 
and the Dyson mapping as has been discussed in rcf. 

To obtain the current-current generating functional in 
terms of bosonic variables |jll| we have to integrate the 
action (|23| ) with respect to the Haar measure which reads 
D0^ D9^ D0~ det(e~*^ ) in the Gauss decomposition: 



Zb[A] 



D0+ Dd" D0-det( 
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(26) 



Here we allowed for a slight generalization by introducing 
the constant k. For one fermion flavour, as we have here, 
fc = 1, but for k flavours the anomaly is yielded k times 
so that the WZW action occurs with a multiplicative 
constant k. We also remark that the fermion currents 
with k flavours close on a Kac-Moody algebra of level k. 

As noted in m , the expressions to which the A currents 
couple in eq. ([2^^) are closely related to the Wakimoto 
realization ||7|, |l3yi4| . To make the association explicit, we 
have to perform a change of variables 



(3 = kde+e~''^ . 
Naively the Jacobian of this transformation is 



det(e 
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det{d) 



(27) 



(28) 



in which case this determinant cancels the one from the 
invariant group measure, with the result that we obtain 
a flat measure. The generating functional becomes 



Zb[A] = / DI3 Dd^Dd- det(l/a) e 
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(29) 



with 



^ = i / d^x[-d0''d9'' 



-iA+{ikde- 
^ 2 

-lA-m] . 



+ (380- 
k0-d0° + il3{0~f) 

r/3) 



(30) 



The change of variables (|2j) transforms the WZW action 
to that of free bosonic flclds (^o|). For this reason (|30| ) 
is called a free field realization of the WZW model. The 
expressions to which the sources A couple in (|30|), may 
be viewed as a kind of "classical" Wakimoto realization 
Ip^ , where corrections due to normal ordering have been 
neglected. This issue has partially been discussed in ref. 
1^, where it was pointed out that there are corrections 
from the measure when we perform transformation (|2^) . 
These corrections in particular modify the coefficient of 
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the dO'^dO^ term. Although a complete derivation is still 
lacking, one expects similar corrections to the above clas- 
sical Wakimoto currents to obtain the correct expressions 

J- = ikd0- + V2^/{k + 2)0-d0° + if3{e~f 

J+ ^if3 . (31) 

The charge at infinity may similarly be understood as 
originating from such anomalous corrections in the path 
integral approach 

In conclusion, we have presented a simple and sys- 
tematic procedure to evaluate finite chiral determinants, 
leading to a constructive identification of the counterterm 
AA. This procedure also facilitates the identification of 
a free field or Wakimoto realization of Kac-Moody alge- 
bras. A constructive procedure to deal with the quantum 
corrections to these currents is, however, still lacking, a 
not uncommon situation when general changes of vari- 
ables are performed in the path integral setting. 
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